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ADVERTISEMENT. 



It has been the Editor's object in these Elements 
to provide short and easy proofs of all the Proposi- 
tions in Conies which are required for Newton's 
Principia. The method of deriving the chief pro- 
perties of the Ellipse and Hyperbola directly from 
the Cone was communicated to the Royal Society in 
1843 by SiE Fredeeick Pollock, F.R.S., and is 
here introduced with his permission. 
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ELEMENTS 



CONIC SECTIONS. 



DEFINITIONS. 

1. The solid generated by the revolution of a 
right-angled triangle HOC about either of its sides 
BO as an axis, is a Risht Cone. 
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Scholium. The other side CO describes a circle 
COD, whose center O is in the axis BO, and to whose 
plane the axis is perpendicular. So also any other 

1 
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2 THE PARABOLA. 

line NE parallel to OC in the revolving triangle de- 
scribes a circle having its center N in the axis, and 
its plane perpendicular to the axis. Hence conversely, 
every section of the Cone perpendicular to the axis is 
a circle, having its center in the axis. 

3. If a right cone be cut by a plane AGK which 
is parallel to a plane touching the cone along the slant 
side BC, the section AGK is called a Parahola. 




3. If BCD be that position of the revolving tri- 
angle which is perpendicular to the cutting plane AGK, 
their common section AH, which is parallel to BC 
(Eucl. 16. XI.) is called the Axh of the Parabola, and 
the point A, the Vertex. 

4. If AW he drawn parallel to CD, and a point 
S be taken in the axis AH, so that ^AS may be a 
third proportional to BW and AW, the point S is 
called the Focus. 
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THE PARABOLA, 



5. If the axis be produced to L, so that AL may 
be equal to AS, the perpendicular LM to the axis at 
the point L is called the Directrix. 




Q. Any line PNR perpendicular to the axis and 
terminated both ways by the curve, is called an Ordi- 
nate to the axis ; the part AN of the axis between the 
vertex and ordinate, the Abscissa; and the ordinate 
SC through the focus, the Latus Rectum. 

7- Any line MPV parallel to the axis, is called 
a Diameter ; a line QVQ' parallel to the tangent at 
any point P, is called an Ordinate to the point P or 
diameter PF'; and the part PF' of the diameter, the 
Abscissa. Also that ordinate, which passes through 
tlie focus, is called the Parameter. 
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4 THE PARABOLA. 

8. A straight line PG perpendicular to the tan- 
gent at any point P and terminated by the axis, is 
called a Normal; and the part NG of the axis, the 
Subnormai. 

9. The part of any diameter between one of its 
own ordinates and the intersection of a tangent at the 
extremity of the ordinate, is called the Suhtangent. 
Thns NT is the suhtangent to the axis. 
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THE PARABOLA. 



PitOP. I. 

The rectangle contained hy 4AS and the ahscissa 
AN is equal to tJie square of the semi-ordinate NP. 




Let ENPF be any circular section, -which being 
perpendicular to the axis is perpendicular to the plane 
BCD passing through the axis (Eucl. 18. xi.): also the 
cutting plane GAK is perpendicular to BCD. Hence 
the common section PNB is perpendicular to AH 
{Eucl. 19. XI.), and likewise to EF the diameter of 
the circle, which therefore bisects PR in F. (Eucl. 
3. III.) 

But ^A^ : NF :: BW : AJV :: AW {EN) : ^AS 
(Def. 4.) 

.-. 4>ASx AN=ENx NF=NP\ 
by the property of the circle. 

Cor. 1, The axis bisects all its ordinates. 

CoE. 2. AN'=^ NP\ 
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THE PARABOLA. 



Prop. II. 



The distance SP of any point P in the parabola 
Jroni the focus is equal to the perpendicular distance 

PM of the same point from the directrix. 
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For 4>AS^ AN^SN' = Nn- (Euel. 8. ii.) 
(yrNP^ + SN\SP') = PM'. Therefore ^P=Pi¥; 
CoE 1. The latus rectum BSC is equal to 4>AS. 

For draw BK perpendicular to the directrix. Then 
SB = BK = SL=-AL + AS=2AS (Del 5.) 
CoK. 2. The rectangle by the latus rectum. BC 

and the abscissa AN' is equal to the square of the semi- 

ordinate JVP. 
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THE PARABOLA. 7 

Pbop. III. 
If a straight line QP cut the parahola in P, Q, 
and the directrix in H, then HSD drawn throiigh the 
Jhctts makes equal angles with thejbcal distances SP, 
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Draw PJ/, QF, perpendicular to the directrix, and 
PE parallel to 5Q; then the triangles MFE, HQS, 
and the triangles HMP, HQF, are similar. 

Hence PE : QS :: HP : HQ :; PM : QF; 

But QS=QF, and /. PE = PM=SP. 

Hence z PSE=z PES= z QA"/). (Eucl. 39. i.) 

Cor 1. If any straight line HP, not parallel to 
the axis, cuts a parabola in one point P, it will cut it 
again. For with center P and radius PS or P3I, 
which is necessarily less than PH, suppose a circle 
described cutting HS in E. In HP, produced if ne- 
cessary, take HQ a fourth proportional to HE, HS, 
HP ; and draw PM, QF, perpendicular to the direc- 
trix. Then Q is a point in the curve, for SQ = QF, 
by similar triangles, as in the proposition. 

2— a 
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THE PARABOLA. 

Coit. 3. If PQ move parallel to itself until the 

M H 




points P and Q coincide, and HQ toiidies the parabola, 
the z PSQ vanishes, and the angles made \>y SP, SQ 
witli SH are right angles. Conversely, if SII be drawn 
perpendicular to any focal distance SP, cutting the 
directrix in H, then HP being joined touches the 
curve at P. 

Con. 3. Let PS meet the curve again in S; 
then MH being joined touches at R. The tangents 
therefore at the extremities of any parameter meet in 
the directrix. In the case of the latus rectum, the 
tangents meet in the intersection of the axis with the 
directrix, and are at right angles to each other. 

Prop. IV. 
A tangent PH Jmecis- the angle SPM». 

For s HSP is a right angle (Prop. 3. Cor. 2.); 
and HP is common to the two right-angled triangles 
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THE PARABOLA. H 

HSP, HMP; aho SP = PM; therefore the triangles 
are equal, and z SPI{= z MPH. 

Cob. a tangent at the vertex is perpendicular to 
the axis, and parallel to all the ordinates of the axis. 

Pkop. V. 
The focal distance SP is equal to 

I, The abscissa of the axis AN 4- AS. 

II. The distance ST of the tangenfs intersection 

with the axis. 
HI. The distance SG of the normaVs intersection 
with the axis. 
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1,0 -THli PAKABOLA. 

Fori. SF = PM=NL = AN+AL = AN+AS. 
11. iSPr= ^MPT=aiteni. ^STP; .■.SP=ST, 
HI. The right angle GPT = / PGT + l GTP 
= / PGS+ iSPT; take avvay i SPT, and 
z S'PG = / SGP; :. SP = SG. 

Prop. VI. 

The mhnormal NG = 2 AS. 
For SG = SF=AN + AS (Prop. 5.) = SN + SAS; 
Take away SlSf, and NG = ZAS. 

Piiop. VII. 

Ti^i? subtangent NT o/" /^t; «a:M' «> dotihle of the 
abscissa AN. 

For 5'r= SP=AN+ AS (Prop. S.) ; 
Take away AS, and AT=AN. 
CoK. If X be the latus rectum, L^AN= NF^ 
(Prop. a. Cor. 2): hence i : NP :: NP : AN :: 2 NP 

: SAN(N'iy 
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THE PARABOLA. 



A perpendimlar SY ^rom the focus upon any tau- 
nt PT mtersects FT m the tangent at the vertex A. 




Draw the tangent AV, which is parallel to PN 
(Prop. 4. Cor.), and let it meet PT in Y: join SY. 

Then AN'=AT (Prop. 7.), and .-. PY = TY 
(End. 2. ¥1.) Also SP = ST, and SY is common: 
Hence z 5FP = z SYT, and .S'F is perpendicular 
to PT. 

Cor. The triangles SAY, SPY being similar, 
»> : SY :: SY : SA, 
and SP : SA :: SP- -. SY'. 

Also Sy=SPxSA, md^SP. 
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THK PARABOLA. 



PliOR IX. 



The rectangle hy the latus rectum (L) and the 
part QF (if any diameter cut ojf hy an ordinate to 
the axis, is equal to the rectangle hy tJie segments 
PF, FB, of the ordinate. 




Draw QE perpendicular to the a.xis; 
Then FIl'xFB = NP'- NF' (Eucl. «. II.) 
= NP'-QB'^L>sAX-LxJE(PKV.^-Cor.Z.) 
= LxEN=L>iQF. 
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THE PARABOLA. 



Proi-. X. 



If from elilier extremity of an ordinate QQ' to 
any diameter a perpendicular QD he let fall upon tlm 
diameter t the square of QD is equal to the rectangle 
by the latus rectum and the abscissa PV. 

The A- QVD, PNT, SPY arc manifestly similar; 

Hence QD : DV :: SP : NT, 

:: L : PB (Prop. 7. Cor.) 
.-. LxBr^PRxQBaPXx PP. 

Also Lx DP = ZxQF=KPxPI''(Frof.O.) 

Hence L x FF=PP' (End. 3. ii.) = QB'. 

In the same manner if Q'J)' be the perpendicular 
from the other extremity Q', it may be shewn that 
LxPr=Q'D". 

Cor. QD = QD', and the similar triangles QVD, 
QVU are therefore equal ; hence QV^ QV; i- e. 
a diameter bisects all its own ordinates. 

Prop. XI. 

jT/ze rectangle by four times the focal distance SP, 
and the abscissa PV is equal to the square of tlie 
semi-ordinate QV. 



For QV : QD' :: SP' 
Or QP' -.LxPr-.: SP 

:: iSP 
.-.iSPxPF^QV. 



S¥'; 

SA (Prop. 8. Cor.) 

L; 
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TUB PARABOLA. 



Cor. 1. 
(Prop. 5.) = 



Let ^i^ be the parameter. ThenSP=ST 
.PF; also :Er'= 4. SPxPV=4>SP\ 




Hence EV=Q.SP, and the parameter = 46'i'. 

Cor. 3. The rectangle by the parameter and 
abscissa of any diameter = the square of the corre- 
sponding semi-ordinate- 

Cor. 3. The abscissa varies as the sqnare of the 
semi-ordinate. 

CoK. 4. If UK be drawn parallel to the axis 




from any point H in a tangent, then HKcc PH\ For, 
if the parallelogram PJIKV be completed, HK= the 
1 JPF, and PH = the semi-ordinate KK 
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THE TARABOLA. 



Prop XII. 

The rectangle hy the parameter (P) of any 
diameter PV and the part LM of any other diametei' 
cut off by an ordinate QQ' of the first, is equal to the 
the segments QM, MQ' of the ordinate. 




Draw LE parallel to QQ!. 
Then QMxMQ=QV'- FM' (Eucl. 5. li.) 
= QF'- LM'= Px Pr- Px PE 
(Prop. 11. Cor. 3.) = Px Er = Px LM. 

Cor. 1. Let any other ordinate HK, whose para- 
meter is P, intersect QQ' in M: then 
QMx 3iq : iOf X iiOr :: P x LM : P' x LM 
:: P : P'. 

CoE. 2. If the lines QQ', UK, move parallel to 
themselves and intersect each other, either within or 
without the parabola, the rectangles of their segments 
are always in the same constant ratio. 
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THE PAKAISOLA. 



PROI'. XIII. 



If an ordinate PQ and a tangent PR be drawn 
from the same point P, any diameter DEF tervii~ 
nated hy the ordinate and tangent is divided hy the 
curve in the same j^foj^ortion in which itself divides 
the ordinate. 




Draw QR parallel to the axis ; 



Then BE : Qli :: PD> 


PK' (Prop. 11. Cor. 4,.) 


■.-.PP' 


pq; 


And QB : DP :: PQ 


PF; 


.: BE : BE :: PP 


PQ, 


Div-^. BE : EF :: PP 


PQ. 


CoK. 1. If BEP bisects PQ, it is tlien the dia- 


meter of which PQ is an ord 


uate, and BEP is the 
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THE PARABOLA. 17 

siibtangeiit (Dcf. 6.): but then DE = EF, i.e. the 




siibtaiigent is double of the abscissa in all cases. 

Cor. 2. If a taugcnt be drawn at Q, it must 
meet the diameter UEF in the same point D. 

Cor. 3. The tangent at E is parallel to the 
ordinate jPQ; hence PZ.= LD. 



Prop. XIV. 



If two parabolas, PAN, QAN, wZ/ose latera recta 
are L, L', respectively, have a common axis and vertex, 
the areas PAN, QAN, cnt off hj a common ordi- 
nate QPN, are in the suhdupUcate ratio of the latera 
recta. 
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18 THE PARABOLA. 

Draw OM parallel to QN and PE, QF perpendicular 




to OM, Then (Eucl. 1. vi.) 

rectangle PM : rectangle QM :: PiV 
:: \/L-aAN 
::^/Z 



QN 
■yUVAN 



which constant ratio holds for all the corresponding 
rectangles thus inscribed in the areas PAN, Q,AN, and 
emnponendo for the sums of them in each, into how 
many parts soever the abscissa AM is divided- Let the 
number of the parts ilfiV be increased, and the mag- 
nitude of each diminished, indefinitely. Then in the 
limit the sums of the inscribed rectangles are respectively 
equal to the areas PAN, QAN. (Newton. Lem. 4.) 
The areas therefore are in the constant proportion 
of \/i> to vX'. 

Cor. Area ASP : area ASQ :: \/X : VL'. 
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THE PARABOLA. 



Prop. XV. 



The parabolic area, contained by the curve, ike 
abscissa, and the semi-ordinate qf any diameter, is two- 
thirds of the parallelogram completed qf the abscissa 
and semi-ordinate. 




Q, q, are points in the curve indefinitely near; 
PR, QT, tangents at J*, Q; QR, qr, parallel to PV; 
rr, UZ perpendicular to QT, 

Then the triangles TVY, EQZ being similar, and 
TV double of PV or QR, (Prop. 13. Cor. 1.) VY is 
also double of RZ. 

But area QVvq : area RQfjr :; VY : RZ; that 
is, area QVvq is double of llQqr. 

Hence the -whole area PQV is double of the whole 
area PQB, and is therefore two thirds of the parallel- 
ogram VR. 
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TJIE PARABOL. 



Prop. XVI. 

To determine the diameter of the circle of cur- 
vature at any point of a •pariihola, and the cJiord 
which passes through the focus. 

Def. If a curve PQ and a circle Pqh touch the 




same straight line Pit at the same point P, the circle 
is said to be a Circle of Curvature to the curve, 
when their deflections QR, qR from the common 
tangent PR are ultimately equal, or, which is the 
same thin^, when indefinitely small area PQ, Pq^ of 
the curve and circle, being equally deflected from the 
common tangent, are coincident. 

Cor. If any chord PL be drawn, and the sub- 
tense qQR parallel to PL, then' the triangles Pq L^ 
PqR are equiangular (Eucl. 29. i. and 33. ill.) 



chord. Pq^ 

'- p ■ 



But in the evanescent 



Hence PL 

state of the figure PqR, the arcs PQ, Pq are coinci- 
dent and equal, and the subtenses QR, qr: also, the 
chord Pq is then equal to the arc Pq (Newt. Lem. 7) 
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THE PARABOLA. '21 

Hence PL = ^'^Jg- , PQ and QB being taken in 

the evanescent state. 

Let now PLK be the circle of curvature at any 




point P of the parabola, PL the chord through the 
focus S, PK the diameter. QM parallel to PL, 
and QV parallel to PT cutting SP in X. Then 
Qll= PX=PV, because SP=ST{Vlo^. 5.) Also QV 
is ultimately equal to the arc FQ. (Newt. Lem. 7.) 

Hence ^i = qJ = qJj = — Qfl- - = *«^- 

By Sim. a' SPT, SKL, the diameter PX=: 
PL y SP iSP- iSP' ,„ „ , iSPI 

—gr^ = sr ■ "' "VSp^m ''^'°^- ^-^"-sAi^' 

iSP-y^SJ Lx SP 

°''^ SYx'SPx SA~ ST' ■ 
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DEFINITION.S, 



1. If a right cone GAD be cut by a plane 
APM through both slant sides, the section is called 





a \>i 




f\ 










0^~~ 


\ 



2. If GAD be that position of the revolving 
triangle which is perpendicular to tlie cutting plane 
APM, their common section AM is called the Axis 
Major; and the points A, M, are called its Vertices: 
also the point C which bisects AM is called the 
Center. 
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23 



3. A line BCL drawn through the center per- 
pendicular to the axis major and terminated both 
ways by the curve, is called the Axis Minor. 

4. If with the extremity B of the axis minor as 
center, and radius the semi-axis major, a circle be 




described, cutting the axis major in the two points >S 
and H, those two points arc called the Foci. 

5. A perpendicular PNR to the axis major, ter- 
minated by the curve, is called an Ordinate to the 
axis, and the segments AN, NM, into which it divides 
the axis, the Abscissa. Also the ordinate through 
either focus is called the I^atus Rectum. 

6. Any line PCG through the center is called 
a Diameter; and a diameter DCK drawn parallel to 
the tangent at the extremity P of PCG is called 
the Conjugate Diameter to PCG. 

7- A line Q^ drawn parallel to the tangent at 
any point P is called an Ordinate to the point P or 
diameter PG; and the segments PV, VG, of the 
diameter, the Abscissas. 
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24 THE ELLIl-SH. 

8. A perpendicular PO to the tangent at any 
point P, terminated by either axis, is called a Normal; 
and the part ON of the axis, the Subnormal. 

9. If iu the axis major produced a point JC be 
taken, so that CX^ is a third proportional to CS and 
CA, a pei-pendicular to the axis major through that 
point JT is called the Uirectrix. 
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THE ELLIPSE. :i6 

Prof. I. 
The rectangle by the absdssee AN, NM, of the 
axis major is to the square of their semi~ordinate 
NP as the square qf the axis major to the square 
of the axis minor. 
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As in the Parabola, Prop. 1, PNR is perpen- 
dicular to JM and to EF, and is bisected by EF: 
the axis therefore bisects all its ordinates. Draw 
MQK parallel to AD. 

Then AN : EN :: AM : MK :: AC : MQ 

And NM : NF :: AM : AD :: AC : AO 
.-. ANx NM: ENk NF(NP-) :: AC : AOxMQ. 

When NP coincides with JBC, 

AC>i CM : BC :: AC : AOxMQ 

.: BC = AOxMQ; 

and ANxNM : NP- ;: AC : BC. 

CoE. 1 . NP- xANx NMx CA- - Ctf. 

Cob. 2. NP' : CA'- CN' :: BC' : AC. 
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THE ELLIPSE. 



CoE. 3. If AQM be the circle on the axis major, 
and PN be produced to meet the circumference in Q; 
then, since CA'- CN'=NQ, PN : QN :: BC : AC. 





C~~~i^ 


fp 


7 
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- ^ y y^ 
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L^ 


'■^y 



Cor. 4. Let CQ cut the circle upon the axis 
minor in q ; join P q, and produce it to the axis minor 
in n. Then because PN : QN :; Cq : CQ (Cor. 3.), 
Pqn is parallel to CN and perpendicular to BC. 

Hence qif : CN' :: Cx' (PN') : QN' by sim. a' 
Or BnxxE : Pm' :: BC : AC. 

CoE. 5. BnxnB'^Fn'. 

CoE. 6. Pti : qn :: AC : BC. 

CoE. 7. As in the Parabola, Prop, xiv, the 




area ANP of the ellipse : the area ANQ of the 
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circle :: NP : NQ, i. e. :: SC : AC. The whole 
areas therefore of the ellipse and circle are in the same 
proportion. Hence the area of the ellipse = area of 



BC 



t ellipses oc AC ■> 



BC 

-jy^ac AC X BCocthe rectangle by the axes. 

CoE. 8. The areas of circles being as the squares 
of their diameters, the area of an ellipse = the area 
of that circle whose diameter is a mean proportional 
between the axes. 

Cor. 9. Area ASP : area ASQ\ 
and area ACP : area ACQ) 



BC : AC. 



Prop. II. 
The distance SP of any point P in the ellipse 
from the focus is to the perpendicular distance PX 
of the same point from the directrix in the constant 
ratio of SC to AC. 
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Let SL, perpendicular to AM, meet the circle on 
the axis major in L; also let LT a tangent at L, 
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28 THE ELLIPSE. 

meet the axis in T, and NP produced in K. Join 
CK, CL. ■ Tlie perpendicular T^to the axis through 
T, is the directrix (Def. 9) : also SL = BC, from 
Dcf. 4. 

Then NP' : CA- CV :: BC : AC (Prop. 1. Cor. 2.) 
And SN' : KL' :: ST' : TL' 

:: SL\BC') : CL'(AC')\iysim. A". 
.-. NP' + SJST' (SP) : KL'+CA'-CN- :: BO : AC 
But KU + CA' - CN' = CK' - CN' = KN- 



Hence SP : KN 
And KN:TN(PX) 
Therefore SP : PX 



: BC: AC 

: SC : SL(BC)hjsim.A: 
: SC : CA. 



Piop. III. 
The sum of the two focal distances SP, HP, is 
equal to the axis major. 

Take MT = AT; draw the directrix TX'; and 

produce XP to meet T'X' in X'. 

Then SP : PX) „_ ._,„ , ^„ „., 

and Hp.,px]----SC:AC(V,o^.^.)::AC:CT 

.-. SP + HP : PX+PX' {XX') :: AC : CT 
But XX'=TT'='iCT; .■.SP+BP=2AC. 
Cor. 1. HP = 3AC-SP. 

Cor. 2. ASx SM=SL'=BC: 

Cor. 3. Let SF be the semi latus rectum : then 
Sr : SL (BC) :: BC ; AC (Prop. 1. Cor. 3.) that 
is, the latus rectum is a third proportional to the 
axis major and axis minor. 
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Prop. IV. 
The focal distance SP = 
radius being unity. 
{2AC-SPf=IIP- (Prop. S. Cor. 1.) 

=SP- + SH>-iSHxSN(Eud. 13. ij.) 
Or 4,Aa-i^CxSP+SP'=SP' + iSC'-iSC.SN 
Hence AC x SP~SC x SN=AC'-SC'^BC'. 
But SN=SPxisx. PSN, rad = 1, 
.-. ACxSP-SCxSPxcos. PS!f=BC; 
BC 



And SP = 



AC-SCxm. PSN' 



Piiop. V. 
If one of the focal distances SP he produced, the 
line PT wMch bisects the exterior angle HPL, touches 
the curve ai P. 




In SP produced take PL = PH, and in PT take 
any point T\ join ST meeting the ellipse in Q ; join 
also LT, HT, HQ. 

Then LT=HT (Eucl. 4. i.); also ST+HT^ 
ST+ TL, and is therefore greater than SL, or than 
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SP+ HP or than SQ + UQ. Hence the point Q lies 
between .S* and T (Biicl. 31. i.), or T is without the 
ellipse; and since every point of PT, except P, is 
without the ellipse, PT touches at P. 

Cor. 1. SPf HP make equal angles with the 
tangent PT. 

Cor. 2. A tangent at the extremity of either axi' 
is perpendicular to that axis. 

Cor. 3. Complete the parallelogram SPHG. 




Then SG+GH=SP + PH (Eucl. 34. r.), and G is 
a point in the ellipse. Join CP, CG; then because the 
diagonals of parallelograms bisect each other, and that 
SC=CH, PCG is a straight line and a diameter; 
i. e. the center bisects all diameters. 

Cor. 4. Draw the tangents YT, RZ, at P, G: 
Then ^SPY= z HPT (Cor. 1.) and .-. = ^ supp'. 
of ^Piy= 1 supplement of SGH^^HGZ\ and 
z 67'G = alternate l PGH ; . . z YPG ^ i PGZ, 
and YT is parallel to RZ. 
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Prop. VI. 



The perpendiculars Jrom the foci upon any tan- 
gent intersect the tangent in the circumj'erence of 
a circle whose diameter is the axis major. 

Produce HP to W, making PW=SP; lot SW 
cut the tangent in Y, and join CY. 




The a' spy, WPY are equal in all respects 
(Bucl. 4. 1.), whence i SYP = i WYP, and SY is 
perpendicular to PY. Also SY= YW, and C6'= CH, 
therefore CY is parallel to HW, and by sim. a°, 
CY=\HW=\ {SP+HP)=CA% therefore F is 
a point in the circumference of the circle whose radius 
is CA. In like manner, Z is a point in the circum- 
ference of the same circle. 
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Colt. Let a conjugate diameter CD cut either 
focal distance HP in E. Then by the proposition, 
CY is parallel to HP, anel PECY is a parallelogram. 
Hence PE = CY= CA. 

Prop. VII. 

The rectangle by the perpendiculars from the Joci 
upon the tangent is equal to the square of half the 
minor axis. 

Produce ZH to the circumference in O; join CO. 
Then ^ OZY being a right angle is in a semicircle, 
and O, Y, are the extremities of a diameter : OCY is 
therefore a straight line and a diameter ; also the 
A^ OHC, YSC are similar and equal, and SY= OH; 
.-. SYx HZ= OHyc HZ=AHxHM(EugI. 35. iii.) 
= BC'(Prop- 3. Cor. 3.) 

Cor. Since ^ SPY=^ i HPZ (Prop. 5, Cor. 1.), 
the A= SPY, HPZ are similar. 

Hence SY= HZ x ■^, and SY'= BO x -^ . 

SP SP 



Prop. VIII. 
The semi-axis major is a mean proportional between 
the distance CN qf any ordinate /rom the center and 
the distance CT cif the intersection of the tangent 
M P with the axis. 
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Produce NP to Q; and join TQ, CQ 
Then TV : ^Fl „ . 

And rZ ; KZ| " ■ 

. . TTx TZ{MTx TA) : -STx HZ{BO) :: 3W^ : PJV^ 

And ^e : AC ::PN':QN^. 

Hence ilfTx TA : CA' :: 7W^ : QN' 

Comp"". Cr^ : CA'(CQ) y.QT'iQN^'. 

The triangles CQT, TQN have therefore a com- 
mon angle CTQ, the sides about two other angles 
proportional, and the third angle 2WQ in one a right 
angle; they are therefore similar (Eue. 7- vi.) Hence 
^ CQT is a right angle, and TQ touches at Q; i.e. 
the tangents at Pand Q intersect the axis in the same 
point T. 

Also CN : CQiCA) :: CQ(_CA) : CT. 

Cor. Produce the tangent TP to meet the axis 
minor in /; and join qt. 
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Then Ct : Cn :: CT : NT :: CT : Ql"" 

:: Cq' or BC : Cn' 
Hence Ct : SC ;: BC : Cn, as for the axis major. 

Prop. IX. 
The rectangle hy the normal PO to either axis 
and the perpendicular POF upon the conjugate di- 
ameter is equal to the square of half the other axis. 



B 


\ 


p 


r>} 


y(f 


V 


AS C 




N T 



Let PN produced meet the conjugate in B. Then 
the angles N and F heing right angles, a circle 
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would circumscribe the quadrilateral FONU; hence 
PO X PF = FN X PB (Eucl. 36. m.) = Cn x Ct 
= SO (Prop. 8. Cor.) 

Similarly Po x PF^CNx CT^AO. 

Cor. 1. The triaugles PON, Pon, beiug similar, 
ON : Pn (CN) :: PO : Pa :: SC : AC :: L : 
2 AC (Prop. 3. Cor. 3.) 

L 

Hence the siAbiiormal 0N= .^ x CN, L being 

the latus i 



rectum. Similarly on = j — x Cn. 



Co!i. 2. From O draw OL perpendicular to SP\ 
then from the quadrilateral MFOL, whose opposite 

,,. 1 or PPxPO 

ire nght r — — 






es i'' and h are right anglef 
half the latus rectum. 



PL 



PE 



Prop. X. 
diameter DCK he conjugate to another- 
■ PCG is conjugate to DCK. 




Draw PN, DE, ordiuates to the axis, and the 
tangents PT, DX. 
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Then CN% CT= CA' (Prop. 8.) Take away CN', 
and CNx NT= CA' - CN' (End. 3. ii.) = AN>^ NM. 
:. CNx NT:CR% BX :: FN' : DB (Prop. 1. Cor. 1.) 

;: NT- : CB; by sim. a". 
Hence CN : BX :: NT : CB :: PN : BR; 
.-. A- CPN, DBX are similar (Eucl. 6. vi.) and PC 
is parallel to DX. 

Peop. XI. 
TJw distance of one of the wdinates PN, DR^om 
ih^ center is a mean proportional between the distances 
of the other ordinate from the center and from the 
intersection of its tangent with the axis. 

CNx CT= CB X CX, for each = CJ' (Prop. 8.) 
Hence CN : CB :: CX : CT 

CD : FT by sim. A" CPT, CBX 
CB : NT by sim. a' CDB, PNT. 
So CB: CN v. CN : BX. 

Cob. 1. CNxNT(CR') = CA'-CN (Prop. 10.) 
Hence CA'=CN'+CB?. By a similar proof, if Pn, 
Br, be perpendicular to the axis minor, Cr^ + Cf" 
= BC: Wherefore AC + BC = CN' + Cn' + CB- 
+ Cr' = CP- + CBf. 

CoE.2. SF' + HP' + SSPx HF=4,AC: 
But SP" + HP' = %SC'+2 CF' (Eucl. 12 and 13. II.) 
.■.SPxHP = 3AC'-SC'-CP'=AC'+BC'-CP' 
= CB', by the preceding Corollary. 

Cob. 3. NP' : ANx NM{CW} :: BC : AC 
.: NF : CB :: BC : AC 
So BE : CN :: BC : AC. 
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Cor. 4. NP : CM :: DM : CN. The c.' CPN, 
CDM, are therefore equal. (Eucl. 15. vi.) 



Prop. XII. 
All parallelograms, circumscribing an elUpse 
the extremities of conjugate diameters, are equal. 




If tangents be drawn at the extremities of two 
conjugate diameters, they form a parallelogram cir- 
cumscribing the ellipse (Prop. 5. Cor. 4. and Prop. 10.) 
of which CPaK is a fourth part. Draw POF per- 
pendicular to DCK. Then by sira. a^ PON, CKM 

CK{CD) : PO :: CE : PN :: AC : BC (Prop. 11. 
Cor. 3.) 

.-. CDxPF.POxPF{BC):: ACxBC : BC 
(Prop. 9.) 

Hence CD x PF=AC x BC, or the parallelogram 
P^ = the rectangle by the semi-axes. 

Cor. The whole area of the ellipse, which varies 
as^Cx5C(Prop. 1. Cor. 6.), varies also as CD x PJ*', 
or as the circumscribing parallelogram. 
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Phop. XIII. 

The rectangle by the abscissa PV, VG, of any 
diameter u to the square of their semi-ordinate QV 
as the square of the semi-diameter CP to the squme of 
the semi-conjugate CD. 

Let the ordinate QQ meet the axis in O : draw 




RPN, VY, QL, EDF, pei-peiidiculai- to the axis: let 
YFrneet CR m X, and OX meet LQ in K. Then 
since KL : QL :: XT : VY :: BN : PN, by 

similar triangles, K is in the circumference of the 
circle (Prop. 1. Cor. 3.) But CD is parallel to PT; 
:. TN : CF :: PN : DF :: RN : EF; whence 
the a" TNR, CFE, are similar, and EC is parallel 
to R'i'and perpendicular to CR. In like manner KO 
is perpendicular to CR. 



Now 


CF' : CF' 


: CR' 


CX' 


.-. CP' 


-CF' : CB'~CX'(KJC') 


: CP' 


CB' 


And 


KX' : QV : 


CE' 


cn> 


.■. CP' 


CF' (,PFx FG) : QF' : 


CP' 


CD'. 
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Coii. 1. PF X VG : QV 
the same proof; .'. t^V^Q^V; i.i 
all its own onlinates. 



: CP- : CD-, by 
a diameter bisects 



Cor. 2. PFx FG or CP-- CVo^QV. 
OdR. 3. Since CP--CV : CP' :: QF' : CD', 
Div«". CF' : CP :: Clf-Qr' : CD; 
Whence CD' -QV'=^CF'. 



Prop. XIV. 
If any line AB intersect a diameter QCR in F, 
and CD Je parallel to AB, ^^ew ^Ae rectangle AF, 
FB : «« rectangle QF, FR :: CD" ; OQ'. 




Draw CP conjugate to CD and therefore bisecting 
AB in F'. also draw Q/ parallel to AB. 
Then CD-Qf ■.CD'^AF':: CF : CF- (Pr. 13. Cor. 3.) 
Div".^r'-Q/' : CD'-QP :: 



HmaiAV-FF'-.CD' 



Oi AFxFB: Clf 



CT'-CF' 


CI' 


Qp-FF' 


QJ" by sim. A'. 


Qp-PF- 


Qi"(Eu.l2.v.) 


CQ'-CF- 


C<yby sim.A'. 


QFxFB 


cq: 
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Cor. 1, If any two lines whatever AS, MN 
intersect in F, the rectangles AF x FB, MFx FN, 
are as the squares of the diameters CD, CO, drawn 
parallel to AS, MN, respectively. 

Cor. 2 If AS, MN, move parallel to themselves, 
and intersect any where either within or without the 
ellipse in F, the rectangles AF x FB, MFx FN, have 
always the same constant ratio- 

CoE. 3. If from any point K without the ellipse 
tangents K.1V, KZ be drawn, then are KW and. KZ 
in the same proportion as the diameters to which they 
are respectively parallel. 




For take any other point F, and draw FMN, FQR 
parallel to KW, KZ. Then if FMN move parallel 
to itself until it coincides with KJV, the rectangle 
FM, FN, becomes the square of KJV at the point of 
contact : and so the rectangle FQ, FR becomes the 
square of KZ. But FM x FN to FQ x FB, and 
therefore KW^ to KZ^, is as the squares of the 
diameters to which they are parallel. 



y Google 



TIJE ELLIPSE, 



Prop. XV. 

If a tangent QT drawn ai the extremity Q of any 
ordinate QV meet ike diameter CP to which the or- 
dinate belongs in T ; then CP is a mean proportional 
between CV and CT. 

At the extremities, P, G of the diainetei" draw 
PL, GM touching the ellipse, and meeting the tan- 
gent QT iu L and 31. 




Then M^ : MG :: LQ : /.P(Prop. U. Cor. 3.) 
And M^: LQ :: MG : LP 
Whence FG : PF :: TG : TPhy sim. triangles 
.\rG~PF: FG + PF:: TG-TP: TG+TP 
Or ^CF : QCP :: SCP : ^CT. 
Cor. 1. A tangent at the other extremity of the 
ordinate would meet the diameter CP produced at 
the same point T. 

Cor. 2. PVx VG=CP'-CV'=CFxCT-CF' 
= CVx VT. 
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Prop. XVI . 
The diameters which bisect the lines joining the 
of the axes are equal and conjugate. 




Let AB, BM be bisected in E, F: then the 
A° BCE, BCF arc manifestly equal and similar, and 
^ECB= iFCB; therefore CP and CD making 
equal angles with CB are similarly drawn in the two 
elliptic quadrants and consequently are equal. Also 
AB is bisected by CP and is therefore an ordinate 
belonging to the diameter CP (Prop. 13. Cor. 1.) 
But AC= CM, and BF=FM\ hence CFD is parallel 
to AB or is coiijtigate to CP- 

Pitop. XVII. 

To determine the diameter of curvature and the 
cJiords through the center and focus of an ellipse. 

I. The chord PI throiigh the center. 

Draw QB parallel to PJ and Q V parallel to the 
tangent; then when PV is evanescent, PQ_ = QV. 

Now PVx VG : QV'-' :: CP : CD^Frop. 13.); 

Q v ciy PQ 

hence -^^ = VG x -^-p ; and ultimately ^ = 



QCPxCD' 
CP' 



~CP 



CP' 

=PI 
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u. The diameter PK. 

Ill the quadrilateral CFKI, the opposite angles P 
and I are right angles, and therefore a circle would 
circumscribe it. Hence PK x PF^ CP x PI= 2 Cn\ 

by the preceding case, and PK = -j^-.,- . 

III. The chord PIj through the focus. 
Let it cut the conjugate in E; then _P_E=the 
semi-axis major. Also, as in the last case, PLxPE 

=PKxPF=2CD-, .■.PL=~^. 

Colt. The diameter ^^^ = ^-p" = "-— pp, " 
(rrop. 12.) = -pj^- X p^ = L, X -^, by similar 
triangles. 
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DEFINITIONS. 



1. If a right cone DEF, and another DE'F' 
which is equal and vertical to DEF, be cut by a 
plane RAMrp, each of the sections SAP, Mpr, is 
called an Hyperbola, and the two arc called Opposite 
Hyperbolas. 




Scholium. Every section UGH of the cone pass- 
ing through the vertex jD is a triangle, because the 
slant side must coincide with the hypothenuse of the 
revolving triangle in some one position of it. 
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2. The interval AM between the opposite hyper- 
bolas is called the Axis Major, and the points A, M, 
are called Vertices: also the point C which bisects 
AM is called the Center. 

3. If DHGgh he the triangular section through 
the vertex 2J whose plane is parallel to the cutting 
plane ; and BC, perpendicular to AM at C, be taken 
a fourth proportional to DK, KG, and AC; then 
SC is called the Aatis Minor or Conjugate Axis ; 
which is manifestly the same for both RAP a,nA Mrp. 

4. The two opposite hyperbolas JBD, EK, whose 
axis major is BE and conjugate axis AM, are called the 
Covgugate Hyperbolas to AP, MP'. 




5. If with center C, and radius CS equal to the 
line joining the vertices A, B, of the major and minor 
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axis, a circle be described cutting the axes produced 
in S, S', H, H', respectively, those four points are 
called the Fod. 

6. If the axes AM, BE be equal, the curve is 
called a Rectangular Hyperbola. In this case the con- 
jugate hyperbolas AP, SD, are equal and similar. 

7. Any line PCG drawn through the center and 
terminated by two opposite hyperbolas is called a 
Diameter, and the intersections of a diameter with 
the curves are called it's Vertices. 

8. A perpendicular PNS, to the axis major, ter- 
minated by the curve, is called an Ordinate to the axis; 
and the distances AN, NM of the ordinate from the 
vertices are called the AbscisniE. 

9. A line Q^ drawn parallel to the tangent at any 
point P and terminated by the curve, is called an 
Ordinate to the point P or diameter PCG ; and the 
distances PV, VG of the ordinate from the vertices of 
the diameter are called the Abscisses. 

10. The Latus Rectum, Normal, Subnormal, 
Conjugate Diameter, and Directrix, are deiined as in 
the Ellipse. 

11. An Asymptote is a straight line which ap- 
proaches nearer to meet a curve, the farther it is 
produced, but which being produced ever so far does 
never actually meet it. 
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Prop. I. 
The rectangle by the abscissa AN, NM of the 
axis is to the square of their semi-ordtnate NP as the 
square of the axis major to the square of tiie axis 
minor. 




Let DGH be the triangular section through D 
whose plane is parallel to RAP. Then as in the 
Ellipse, Prop. 1, PNR is perpendicular hoth to EF 
and AN, and is bisected by EF: the axis therefore 
bisects all its ordinates. Also GH is perpendicular to 
EF, which bisects it in K. 

Then AN : NF :: DK : FK 

And NM : EN :: DK : EK 
. ANx NM : ENx NF(NP') :: DIP : EKx FK (KG') 
V.AO: BO (Def. 3.) 
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Coii. 1. PI^ : CN-^-CA' :: BO : AC 

Coit. 2. PN^c^ ANx NMoc CN'- CA\ 

COE. 3, In the rectangular hyperbola, the rectangle 
of the abscissae is equal to the square of the correspond- 
ing semi-ordinate. (Def. 6.) 

Cor. 4. If ^Q be a rectangular hyberbola, -4i*any 




other hyperbola having the same axis major, and QPJV 
a common ordinate of the axis, then PN : Q^N :: PC 
: AC. Hence as in the Parabola, Prop, xiv, the areas 
APN, AQN, as also the areas ASP, ASQ, are in the 
same constant proportion of BC to AC. 



Prop. II. 

The distance SP of any point V in t 
from the focus is to ike perpendicular distance PX of 
the same point from the directrix in the constant ratio 
o/SC to CA. 
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Let SL touch the circle upon the axis major at 



X 




s 






c 


^ 


C<f 




i 


/ 

/ 

/ 


\ \ 
\^ \ 




N 
K 



i; then SL=BC, from Def. 5; ami XLT perpen- 
dicular to AM through L is the directrix. Produce 
LS to meet FN produced in K; and join CK. 
Then PiV" ; CN'- CA' :: BC : AC (Prop. 1. Cor. 1.) 
Also SN' : KN- :: LS-(BC') : CL'(,AC'}hy sim. a'. 
.• . FN' + SN' (SP-) : KN' + CN' - CA' :: BC : A C 
But KN + CN' - CA'^ CK' - CL'=KL'. 
Hence SF : .Ti ::BC:AC 

And .ffi ; TN(FX) :: SL : ST :: CS : SL (BC) 
by sim. a'. Therefore SF : FX :: SC : AC. 
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By the same proof, if LC he produced to L', 
and the tangent HL' be produced to meet PJV in 
S^'; also the directrix U'T'JC', and PX' perpendicular 
to it, be drawn, and CS.' joined, 

HP : PX' :; CH : CA. 

PRor. III. 
The difference of the focal distances SP, HP is 
equal to the axis major. 

For by P"P. 2,^P : PX | ,,^ ^^ ^ ^^ „ ^^ , ^^ 
aud HP : PX'i 
Heiico IiP~SP : PX'~PX(XX') :: AC : CT 
But XX'=TT = iCT; thmforo HP- SP=i AC. 
Coa. 1. HP=S:AC+SP. 
CoE. 2. ASx SM= Sn (Eucl. 36. in.) = SO. 
Cor. 3. If »S'^ be the semi-latiis rectum, 
AC : BC :: ASxSM{BC') : Sr'iVmj. 1.) 

The latus rectum is therefore a third proportional 
to the axis major and minor. 

Prop. IV. 

The focal distance SP = -r-=i ^n^ ^^r^sr , 

'' AC — &C X COS. PSN 

radius heivg unity. 

For since (SAC + SP)' = HP', (Prop. 3. Cor. 1.) 

iAC'+iAC X SP+SP'=SP' + SH'+'iSHxSN 

Whence AC x SP- SC x SN=SC'- AC' = 1}C' 

Or, since SN= SP x eos.PSN, 

ACxSP-SCx SPx COS. PSN=BC', 

BC 

I. PSN' 
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The line. PT, which bisects the angle SPH, touches 
the hyperbola at P. 




From PH cut off PL = SP, and 'm PT take any 
pointwhateverT. Join HT, LT, ST; theiiLT==ST 
(Eucl. 4. I.) Ill ST take any point Q nearer to S 
than T is, and join MQ, 

Then H"7' is less than JJQ-^ Q J' (End. 20. i.) and 
taking away ST, HT~ST is less than HQ-SQ. 
The nearer therefore to S the point Q is taken, the 
greater is the difference JIQ — SQ, which in the limit 
= ^iS", when Q coincides witli jS*. 

But since HT is less than HJ^ + LT, taking away 
LT, HT-LT or HT - ST h less than HL or 
HP~SP. It follows, that there is some point Q 
between 7' and 5; where HQ~SQ = HP-SP, and 
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where consequently tlie curve cuts SX". The point 
T is therefore without the hyperbola, and the same 
being true of every point in PT, except P, PT touches 
the curve at P. 

Cor. 1. SP and HP make equal angles with 
every tangent PT. 

Cor. 3. A tangent at the vertex of either axis is 
perpendicular to that axis. 

Prop. VI. 

The perpendiculars from the fod on any tangent 
intersect the tangent in the circumference of a circle 
•whose diameter is the axis i 




In PH take PW=SP, and then HW^AM; 

let SW cut the tangent in Y, and join CY. 
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Then the triangles STT, WYP are equal in all 
respects; .*. /. SYP= i WYP, and SY is perpen- 
dicular to PY. Also SY= Y^, and SC = CH\ 
.'. CY is parallel to HW, and = ^HW^^ CA ; i. e. 
J^ is a point in the circumference. In like manner, 
if HZ be perpendicular to the tangent, Z is also in 
the circumference. 

CoE. Join CZ which is parallel to SP, as in 
the proposition ; and let SP produced meet the con- 
jugate diameter in E. Then PECZ is a parallelo- 
gram, and PE=CZ=AC. 



Prop. VII. 

The rectanghi by the perpendiculars Jrom the foci 
on any tajtgent is equal to the square of half ike 
minor axis. 

Let HZ meet the circle again in O, and join CO; 
then the right angle YZO is in a semicircle ; hence 
YCO is a diameter and a straight line; also the tri- 
angles CSY, CHO are equal in all respects; hence 
HO=SY, an& SYxHZ=HOxHZ=HAxHM 
(Eucl. 36. iii.)=BO (Prop. 3. Cor. 2.) 

Cor. SY^ = BOx y^p^ as in the Ellipse, and 
^^ HP 2AC+SP- 
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Prop. VIII. 



The semi-axis major is a mean proportional between 
the distance CN of any ordinate to the axis from the 
center and the distance CT of the intersection of the 
axis with the tangent at the extremity of the ordinate. 




Draw TQ to the circumference perpendicular to AM; 
and join NQ,, CQ. 
Thenl'F: SV, 
And TZ : HZ] ^^^ ' ^ 
.-. rrx TZ : SVx HZ(jBC') -.■. TN' : FN' 
And J3C- : AC- :: PN' : CN'- CA' 

But TrxTZ==ATx TM=QT' 
Hence QT : TN' :: CA' : CKf-CA' 
Comp*. Ql" : QN' :: CA'(CQ') : CN: 

The triangles QTN, CQN are therefore similar 
{Eucl. 7. TI.), and z CQN is a right angle ; and NQ 
touches at Q. The tangents TP, NQ have therefore 
the same subtangent TN. 

Also CN : CQ(CA) :: CQiCA) : CT. 
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Cor. 1. Draw Pn perpendicular to the axis 
minor, and produce the tangent FT to meet the axis 




Then Ct : PN{Cn) :: CT : NT 

:: BC : FN' (Prop. 1. Cor. 1.) 
Whence Ct : BC :: BC : On, as for the axis major. 

Cor. 3. Let DL, touching the conjugate hyper- 
bola at D, intersect the axes in L, t; draw DR, Bn, 
perpendicular to the axes. 
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Then Cnxnt=Cn'-Cnx 0(Buc. 2. ii.) = £"»"- .BC". 




But CL:Dn(CIl) 
.: CLxCR : Du' 



Ct : nt 

Cnx Ct : Cnxnt 
BC : Cn'-BC 
AC :Z)a"(Prop.I.Cor.l.) 
Hence CixC/J=^C' 

COK. 3. CBxBL : CLx CB {AC) 

BL : CL :: DB(Cn) : Ct 
SB-: CnxCt(BC'). 
Hence CBxBL : DB' :: AC : BC. 



Prop. IX. 

The rectangle hy the normal PO to either axis 
and the pcrpendicukir PF upon the conjugate diameter 
is equal to the square of half the other aids. 
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Let PN produced meet the conjugate in R. Thei 
as in the Ellipse, Prop. 9. 

PO X PF = PNx PE=Cnx Ct^BC\ 
Similarly Po x PF= CN x CT= CA\ 



CoE. 1. As in the Ellipse, the suhnormal ON 
AC 
L 



X CN and on= — i-— x Cn, L being the latus 



rectum. 

CoE. S. As in the Ellipse, if OL be drawn per- 
pendicular to the focal distance SP, PL = half the 
latus rectum. 
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Prop. X. 
If tangents he drawn at the Dertices of the axes, 
the diagonals of the rectangle so formed are asym- 
ptotes to the four curves. 




Let NP meet the diagonal CE produced in Q. 

Then NQ : CJSP :: AE' (BO) : AC 

:: NF' : CN'- CA' (Pr. 1. Cor. 1.) 
Now as CA^ increases, the ratio of CW^ to CN^— CA^ 
continually approaches to equality ; but CN^ — CA" 
is never actually equal to CiV^ if CN be ever so 
much increased. Hence NP is always less than NQ, 
but approaches continually uearer to equality with it. 

By the same proof, CQ is an asymptote to the 
conjugate hyperbola HP'. 

Coii. 1. The two asymptotes make equal angles 
■with the axis major, and with the axis minor. 
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Cor. 2. The line AB joining the vertices of the 
conjugate axes is bisected by one asymptote and 
parallel to the other. 

It is bisected by CQ,^ because the diagonals of the 
rectangle SCAE bisect each other ; and it is parallel 
to Ce, because EO-^OC and EA = Ae (Eucl. 2. vi.) 

Cor. 3. All lines perpendicular to either axis and 
terminated by the asymptotes are bisected by the axis. 

Cur. 4, In the rectangular hyperbola, the asym- 
ptotes are at right angles to each other. 



If any Hue Qq perpendicular to either aads be 
terminated hy the asymptotes, the rectangle of the 
segments, into which the curve divides it, is equal to 
the square of half the conjugate axis. 

For NQ : CN^ :: NP' : CN'- CA' (Prop. 10.) 
.-.KQ-NP' : CA' :: NP''- : CN'-CA' 

:: SC : CJ^ (Prop. 1. Cor. 1.) 

Hence NQ'-NP" or QPxPq = SC% and is there- 
fore the same wherever in the curve the point P is 

taken. 
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Prop. XII. 
If any line whatever R r, making a given 
with either asymptote, cut the curve in P, the rea 
by the segments RP, Pr, is invariable. 




Through any other jjoint IF of the curve draw i?s 
parallel to Rr, and through P, W> draw Qq, Xx 
perpendicular to the axis. Then, by similar triangles, 

BP : QP :: ZW : XW 

Pr : Pq :: Wz : Wx, 

.-.BP^Pr : QPxPq :: ZTTxirsi : XWxWx 

But CiPy.Pq = XWx Wx (Prop. 11.) 

.-. BPxPr^ZlTx W%. 
Cor. 1. Let Br move parallel to itself until the 
points P, p, coincide, as at E. Then LEK touches 
at E, and BPxPr = LE xEK. Also hy the same 
proof Bp xpr=LE x EK. 
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Cor. 3. RP x Pr = Bp x pr, or RP x Pp + 

RPx pr = RPx pr+ Ppxpr (Eucl. 1. ii.) : whence 
RP=pr. 

Cor. 3. LE = EK, and RP x Pr^LE\ 

Cor. 4. Let the diameter CE cut Rr in V: then 
VB=Vr, by similar triangles, and RP=pr\ whence 
PV= Vp ; i. e. a diameter bisects all it's own ordinates. 

Prop. XIII. 
If from any point V in the curve straight lines 
PD, PH, he drawn parallel to the asymptotes, their 
rectangle is invariable. 




Draw the tangent LPK, and Qq perpendicular to 
the axis. Then, by similar triangles, 
PH : PQ ;: AO : AE 
PB : Pq :: OE : AE 
.-.PUxPH : PQxPq :: AO' : AE" 
But PQxPq = AE^(Prox>.U.) .-. PDxPH=AO' 
= \{AC' + SO) a constant quantity. 
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THE HVPKRIiOLA 



Cob. 1. Draw DF perpendicular to CH; then 
the triangle DCF is always similar to itself. Hence 
CD X CH and DF x CH are in a constant ratio ; and 
therefore DFx CH or the parallelogram DJI is a 
constant quantity. 

Coii. 2, The triangle CLK is a constant quantity, 
being double of the parallelogram DM. 



Cob. 3. PHo 



CH' 



Prop. XIV. 
If a straight line PLD be drawn parallel to one 
asymptote, and terminated by the corrugate hyperbolas, 
it is bisected by the other asymptote. 




For CL X LP=AO' (Prop. VS.) = BO'= CL x LD; 
.. PL = LD. 

Coit. 1. If ab touch at P, it is bisected in P 
(Prop. 12. Cor. 3.); therefore Ca=^CL (Eucl. a. vi). 
For this reason a tangent dD at D must meet Cfl 
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in the same point a. Also since PL=LD, Ch 
= Cd, by similar triangles; and C/> or Cd=^LF 
= PD. Hence CD is parallel to ab, and CP to ad 
(Eucl. 33. I.) 

GoK. 2. Draw bKc touching at IC, and from c draw 
cGd touching at G. Then cb, cd being bisected at 
IC, G, GK is parallel to bd and bisected in /. Hence, 
as in the last Cor*', Cd= Cb, and ad, cd, meet Cd in 
the same point d. Also IK=^Cb = LT), -whence 
CI=CL. (Prop. 13. Cor. 3.) The triangles CIK, 
CI^D are therefore equal in all respects, and in like 
manner the triangles CLP, CIG. Hence PCG, 
DCK are straight lines and conjugate diameters ; 
they are likewise bisected by the center C. 

Cor. 3. The tangent ad is equal and parallel to 
the diameter PG, and ab to the conjugate DK. 

CoK. 4. The figure abed is a parallelogram, of 
which CPaD is a fourth part. 

Cor. 5. In the rectangular hyperbola, every dia- 
meter PCG is equal to it's conjugate DCK, 



Prop. XV. 

The paralleU^Tams formed by tangents at the 
vertices of any pair of conjugate diameters have all 
the same area. 

For the parallelogram CPaD = QACPa = ACab 

(Eucl. 38. I.) a constant quantity (Prop. 13. Cor. 2.) 
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Cor. Draw PF perpendicular to CD ; then the 

parallelogram CPaB = CD x PF. Now when the 

tangents are drawn at A and B, CD coincides with 

CB, and Pi^with AC. Hence CDaPF=ACxBC. 

Prop. XVI. 

l^ke difference of the squares of any two conjugate 
diameters is equal to the difference of the squares of 
the axes. 




Draw CZX perpendicular to AB and PD, 
Then CP'-CD'^PX^-DX^ 

= 4_PixiX(Eucl. 8. II.) 
But I.X : OZ :: CL : CO, by sim. A^ 

:: AO : PL (Prop. 13. Cor. 3.) 
.-. iPL X LX(CP'^CD^) =A>AOxOZ 
= AC'-BC\ 
Cor. As in the Ellipse, Prop. 11. Cor. S, the 
rectangle hy the focal distances is equal to the square 
of the semi-conjugate diameter. 

Prop. XVII. 
The rectangle hy the ahscissce PV, VG, of any 
diameter PG is to the square of their semi-ordinate 
QV as the square of CP to the square of the semi- 
conjugate CD. 
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Let QQ: meet the asymptotes in M, r. Then 




RQ X Qr or BV - Qr'=PL' (Prop. 12. Cor. 3.) 



= CD' (Prop. 14,. 
But CV 

mv". cv-cp- 

Or PFx FG 



Cor. 



. Qr' = BV-PL'; 
MV : Pi' 
Ci" ; PV 

CP' : ay. 



CP- 

BV'-PV 
QF- 

OoE. 1, Qr- « pr X FG oc cr- - cp-. 

CoE. 2. Let QOX, parallel to PG, cut CO in O 
and the opposite hyperbola in Jl. 
Then CF'-CP- : CP' 
Oomp'". CF" : CD' + QF' J 

Or QO= : cir + ca V 

And soXCf : Clf + CCp) 

Hence (iO = OX\ i.e. every line terminated by 
two opposite hyperbolas is bisected by that diameter 
to whose conjugate it is parallel. 

Cor. 3. CV=^ Clf + QF'i and QO'oc CV + CO". 
7 



QF' : CD 



CP- : cir 
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Prop. XVIII. 
If any line AB intersect a diameter RQ produced 
in F, and CD he the semi-diameter parallel to AB, 
tken AF X FB : QF X FR ;: CD' : CQ". 




Let CPV be the diameter bisecting jiB, and draw 
Q/ parallel to AB; then (Prop. 17. Cor. 3.) 

ciP+AT-.cir+Qi' -.-.cr' :Ci' 



nvr.Av-Qi' : ay+Qi' ■ 



Hence AV-FV: CD- 



CV-CP : CI' 
FV'-QI'-.QI'h-jAm.A: 
Fr'-Q/':Q7'(E.19.v.) 
CP'-CQ"; CQ'bysim.A-, 

qFxFB-.cei. 



Or AFxFB : CD- 

Cor. 1 . If any other line MN cut AB iv F, and 
CH be the semi-diameter parallel to MN, then 
AFxFB : MFxFN :: CV : CH'. 
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Cor. 2. Draw FKL parallel to VG, and cutting 
the opposite hyperbolas ; also draw AZ parallel to VG : 
then (Prop. 17- Cor=.) 

AZ'IfOF) : KCy :: C'D'+CZ' : CD+CO' 
Div^ FO-KO' : CZ'-CO' :: KO' : CD'+CO' 
Or KFxFL : AF k FB :: CP' : CUh 
.: KFxFL : MP x FN :: CP' : CH\ 

CoE. 3. IfAB, KL, 31N, move parallel to them- 
selves, and intersect in F either within or without 
the hyperbola, the rectangles AF x FB, KFxFL, 
MF X FN, have always the same ratio to each other 
as the squares of the diameters to which the lines are 
respectively parallel. 

CoE. 4. If from any point B tangents BW, RZ 
be drawn to either of the opposite hyperbolas, these 
are to each other as the diameters to which they are 
reepectively parallel. 




As in the Ellipse, Prop. 14. Cor. 3, the rectangles 
FK X PL and FM x FN, and therefore the squares of 
E fT and -B2, areas the squares of the parallel diameters. 

7—2 
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Prop. XIX. 

If a tangent QT at the extremity Q qfany ordinate 
QV meet the diameter CP to which the ordinate be- 
longs in T ; then CP is a mean proportional between 
CV and OT. 

At the extremities P, G of the diameter let the 
tangents PL, GM meet the tangent QT in L, M. 




Then MQ : MG :: LQ : LP (Prop. 18. Cor. 4.) 
And therefore JtfQ : LQ :: MG : LP 
Hence VG : PV :: TG : TPhy sim. A'. 

.-. VG + PV: ra-PV :: TG+TP: TG-TP 
Or %Cr : HCP :: 2CP : 3CT. 

CoE. 1. A tangent at the other extremity of the 
ordinate would meet the diameter CP in the same 
point T. 

coR.2. PFxFG=cr'-cp'=cr'-crxCT 

= CrxFT. 
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To determine the diameter of curvature and the 
chords through the center and/ocus of an hyperbola. 




As in the Ellipse, Prop. 17- 

9, CUP 

I, The chord PI through the center = ^„ - 



III. The chord PL through either focus = .^ . 
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Prop. XXT. 
If BDE he a cone^ from which an hyperbola 
RAP is cut; DGEH a circular section perpendicular 
to the axis of the cone; BGH a triangular section 
through the vertex B parallel to RAP; BTG, BTH 
planes touching the cone along the slant sides BG, 
BH ; then CO, CQ, the common sections of BTG, 
BTH, with the cutting plane RAP, are the asymptotes 
qf the hyperbola. 




Draw SL parallel to DE, meeting AM in L. 
Then the axes of the hyperhola being in the propor- 
tion ofSi^to FH, the z GBH or the equal z OCQ 
(Bucl. 16. XI.) is the angle between the asymptotes. 

Now by similar triangles ALU, BFE and CLB, 
BFT, AL : CL :: TF : FE and therefore AC : 
CL :: TE : FE. In like manner by similar triangles 
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MLB, BFD, and CLB, BFT, ML : CL :: TF : DF 

and therefore CM : CL :: TJD : DF. But by the pro- 
perty of the circle* TF : FE :: TD : DF. Therefore 
CA = CM {Eucl 9. V.)- Hence C is the center of the 
hyperbola, and CO, CQ are the asymptotes. 



■ If OLE be a tittle ; T any point in the diameter produced ; TL a tangent 
It L ; LF perpendiculst to the diameter ; P any other point in the circumference ; 
:hen TP : PF ii in the constant ratio of TL : LF. 




Join CL, CP. Then CT : CL (CP) :: CL (CP) : CF < Eucl. 8. vi.), and 
the A» TCP, FCP, ate similar, (Eucl. 5. vi.) Henee 

TP : PF :: CP (CL) : CF :: TL : LF. 
Thercfoie TD : DF and TE : EF are in the same rado. 
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Efte (ttonoias. 



DEFINITIONS. 



1. The solids generated by the revolution of 
conic sections about their axes are called Conoids. 

2. If a Parabola so revolve, the solid is called 
a Paraboloid. 

3. If an Ellipse revolve about it's axis major, the 
solid is called a Prolate Spheroid; and if it revolve 
about the axis minor, an Oblate Spheroid. 

4. The solid generated by the revolution of an 
Hyperbola about it's axis major is called an Hyper- 
ioloid. 

Scholium. Every ordinate to the axis of revolution 
describes a circle whose center is in the axis ; therefore 
all sections, whose planes are perpendicular to the axis, 
are circles. Also the revolving plane, since it always 
passes through the axis, is perpendicular in every 
position to the planes of all the circular sections. 
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Prop. I. 



If a paraboloid be cut by a plane pai-aUel to the 
generating plane, the section is the same as the para- 
bola which revokes. 




Let FAE be that position of the generating para- 
bola which is perpendiciilar to the cutting plane RAP, 
and FPER any circular section. Then both the 
planes FPE, RAP are perpendicular to FAE, and 
therefore PMR is perpendicular to FAE and to the 
lines AN, EF. Also AN is parallel to the axis of 
the solid. 

If X be the latus rectum of the revolving parabola, 
L X AN= ENx NF (Parabola, Prop. 9.) = NP'. 
Wherefore the curve RAP is the parabola whose 
latus rectum is L. 
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Peop. II. 
Any other section of a paraboloid is an ellipse 




Let the generating plane MBF be perpendicular 
to the cutting plane AMP, AM their common section, 
which cutting the parabola in one point A, must cut 
it again, as at M (Parabola, Prop. 3. Cor. 1.). Also 
let BV be the diameter to which AM belongs, and 
draw QVR an ordinate of the axis. 
Then (Parabola, Prop. 12. Cor. 2.) 

ANxNM-.ENxNF v. AV x VM : QVxVB 
OxANxMN: NP- :: AV : L x BV. 
The curve is therefore an ellipse, whose major axis is 
AM, and whose semi-axis-niinor is a mean proportional 
between L and BV. 



All sections of a spheroid, except t 
perpendicular to the axis, are ellipses. 



y Google 



THE CONOIDS. 75 

Let ABD represent a prolate spheroid, CB the 




semi-axis minor of the revolving ellipse, CD a semi- 
diameter parallel to AM: then (Ellipse, Pr. 14. Cor. 1.) 

AN X JVM : ENx NF (NP') :: CD' -. CB\ 
The curve is therefore an ellipse, whose axis major is 
AM, and whose axis minor is to AM 3,s CB to CD. 

\£ABD represent an oblate spheroid, the circular 
section EPF must be made perpendicular to BC\ 
and by the same demonstration APM is an ellipse, 
vfhose ajds minor is AM. 

Cor. 1. All sections whose planes are parallel to 
each other, are similar ellipses, because CB and CD 
remain unaltered. 

Cor. 2. l£ ABD be an oblate spheroid, and KL 
touch the generating ellipse at the extremity K of the 
axis major, all sections made by planes passing through 
KL arc similar to the generating ellipse. For KL is 
parallel to CB and therefore the plane of every such 
section is parallel to the generating plane in some one 
position of it. 
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